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Abstract

This report covers the landmark paper “The Threshold for Random k-SAT is
2k ln 2−O(k)” by Dimitris Achlioptas and Yuval Peres (2004). While the classical
upper bound for the satisfiability phase transition is easily shown to be 2k ln 2,
early attempts to prove a matching lower bound using the Second Moment Method
failed due to a massive variance explosion caused by highly correlated clusters of
solutions. We detail how the authors overcame this mathematical roadblock by
introducing a Weighted Moment Method.
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1 Introduction

1.1 Motivation

The Boolean Satisfiability Problem (SAT) is a foundational problem in theoretical com-
puter science. At its core, SAT asks a remarkably simple question: given a logical formula
consisting of n Boolean variables connected by logical ANDs, ORs, and NOTs, does there
exist an assignment of truth values that makes the entire formula evaluate to True? In
standard practice, these formulas are written in Conjunctive Normal Form (CNF). A
CNF formula is a conjunction of several ”clauses,” where each clause is a disjunction of
”literals” (a variable or its negation). The k-SAT problem is a specific variant where
every clause contains exactly k literals.

In 1971, Stephen Cook proved the Cook-Levin Theorem [5], demonstrating that SAT
is NP-complete. Shortly after, Richard Karp proved that 3-SAT is also NP-complete [8],
cementing it as one of Karp’s original 21 NP-complete problems. This classification
implies that, assuming P ̸= NP, there is no known algorithm that can solve all instances
of 3-SAT in polynomial time, and that any problem in NP can be mathematically reduced
to 3-SAT (it serves as the universal benchmark for computational hardness because of
this). Note that 1-SAT is trivial, and 2-SAT can be solved in polynomial time using
graph-based algorithms (in fact the same construction discussed in the viva along with a
depth-first search algorithm works). We can easily show that 3-SAT can be reduced to
k-SAT for any k > 3 by introducing dummy variables, so the NP-completeness extends
to all k ≥ 3.

However, the theoretical worst-case hardness of SAT does not necessarily reflect the
practical difficulty of solving random instances of the problem. In practice, software
engineers routinely build SAT solvers that resolve massive industrial formulas in seconds.
To understand why some formulas are trivial while others are computationally intractable,
researchers needed a way to study ”average-case” complexity. This led to the creation
of the Random k-SAT model. In this framework, a formula is generated by fixing n
variables and uniformly drawing m random clauses (we assume with replacement for
simplicity but we will touch upon without replacement later in the report) of length k.
The key parameter in this model is the clause density r = m/n, which measures how
many clauses there are per variable.

In the early 1990s, researchers in this area made an interesting empirical discovery.
Notably Cheeseman, Kanefsky, and Taylor (1991) [3], followed by Mitchell, Selman, and
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Levesque (1992) [10], ran extensive computer simulations on random 3-SAT formulas (and
other hard problems). They discovered a strict ”easy-hard-easy” computational pattern
governed entirely by the density r. At low densities, the formulas are under-constrained
and trivially easy to satisfy. At high densities, they are over-constrained and trivially easy
to prove unsatisfiable. But at a highly specific critical density—experimentally observed
around r ≈ 4.26 for 3-SAT—the probability of satisfiability violently collapses from near
1 to near 0. Exactly at this phase transition, the time required for algorithms to solve the
formulas spikes exponentially. This observation later led to the Satisfiability Threshold
Conjecture: the hypothesis that for every k ≥ 3, there exists a strict, mathematical
constant rk where this phase transition occurs. Understanding this random model and
proving the location of this threshold became an important pursuit, as it holds the key
to understanding where the ”hard” instances of SAT live and how they relate to the
underlying geometry of the solution space.

1.2 Formal Definitions and the Threshold Conjecture

To study this phase transition, we must formalize the probabilistic model and the defini-
tion of the threshold.

Let Fk(n,m) denote a random k-CNF formula formed by selecting m clauses uni-
formly, independently, and with replacement from all possible 2knk k-clauses on n vari-
ables. Because we are interested in the asymptotic behavior of these formulas as the
system scales, we analyze the probabilities as the number of variables n→ ∞. We say a
sequence of events En occurs with high probability (w.h.p.) if limn→∞ P[En] = 1. Similarly,
an event occurs with uniformly positive probability if lim infn→∞P[En] > 0.

We define the thresholds as follows:

Definition 1 (Satisfiability Threshold Bounds). For each clause length k ≥ 2, we define
the lower and upper bounds of the critical density as:

rk ≡ sup{r : Fk(n, rn) is satisfiable w.h.p.}
r∗k ≡ inf{r : Fk(n, rn) is unsatisfiable w.h.p.}

We can easily see that rk ≤ r∗k (Since as r increases, the probability of satisfiability
decreases). As alluded to previously, the empirical observation of a sudden, violent cliff
in algorithmic performance across various densities leads directly to the formal statement
of the core problem.

The Satisfiability Threshold Conjecture: For all k ≥ 3, the threshold is sharp:
rk = r∗k.

1.3 Background

For 1-SAT, the problem is not too hard. The threshold approaches 0 as n→ ∞. A 1-SAT
formula is unsatisfiable if and only if it contains a direct contradiction: some variable xi
must be drawn as both a positive literal (xi) and a negative literal (¬xi) within our
m clauses. We see that any specific literal being drawn can be modeled as a Poisson
random variable with mean r/2. Hence the probability that both xi and ¬xi are drawn is

(1−e−r/2)2. And that E[Contradictions] = n
(
1− e−r/2

)2
. We can then apply the Second

Moment Method to show that for any constant density r > 0, the formula is unsatisfiable
w.h.p., proving the threshold must be 0.
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The exact threshold for 2-SAT was rigorously established at exactly r = 1 in a 1992
paper by Chvátal and Reed famously titled, “Mick gets some (the odds are on his side)”
(This is almost surely a reference to the song ”(I Can’t Get No) satisfaction” by Mick
Jagger of The Rolling Stones!) [4]. The intuition for this threshold relies on directed
graphs. A 2-SAT clause (A∨B) can be rewritten as two logical implications: ¬A =⇒ B
and ¬B =⇒ A. Therefore, a 2-SAT formula can be mapped as a directed maze. A
formula is unsatisfiable if and only if there is a valid path from a variable to its negation
(X → ¬X) and a path back (¬X → X). Using random graph theory, Chvátal and Reed
proved that the threshold density is r = 1. They demonstrated that when r < 1, the
random graph is fragmented into small, disconnected components, making it impossible to
have a path from a variable to its negation. When r > 1, the probability of the implication
graph forming a ”bicycle” (a specific contradictory loop that every unsatisfiable 2-SAT
formula must contain) vanishes as the number of variables approaches infinity. They also
showed that, when r > 1, the density of logical implications forces the graph to become
highly connected. Using the second moment method, they proved that a contradictory
”snake” sequence is almost guaranteed to emerge, making the formula unsatisfiable.

When you move to 3-SAT (k=3) or higher, this graph approach completely breaks
down. A clause like (A or B or C) does not form a simple 1-to-1 path. Instead, it forms
a multi-conditional implication: if not A AND not B, then C. You can no longer draw
simple lines from one variable to another to find contradictions.

In 1999, Ehud Friedgut utilized advanced Fourier analysis on boolean cubes to prove
that a sharp threshold transition exists for k-SAT [7], but he could not identify the
actual value of the threshold constant. Another interesting development came from the
field of statistical physics. In the early 2000s, Mézard, Parisi, and Zecchina applied
statistical mechanics of disordered systems (spin glass theory) to analyze the geometry
of the solution space for random k-SAT [9]. They discovered that as you approach the
threshold, the solution space fractures into an exponentially large number of isolated
clusters. Each cluster contains solutions that are very similar to each other but very
different from solutions in other clusters. This clustering phenomenon is believed to be
responsible for the computational hardness observed at the threshold.

1.4 Main Results and Subsequent Work

The main paper (Achlioptas and Peres, 2004) [1] provides the breakthrough mathematical
framework to rigorously locate this threshold. Using a simple expected-value calculation
(the First Moment Method), one can easily establish a strict upper bound for the thresh-
old at r∗k ≤ 2k ln 2. However, finding the lower bound the true challenge. Traditional
probabilistic techniques, specifically the Second Moment Method, fail at this.

The main result of this paper overcomes this roadblock by introducing a specific
weighting scheme. Instead of treating every satisfying assignment equally (which causes
the variance to blow up on dense clusters), the authors strategically assign exponential
weights to allow the Second Moment Method to survive, successfully proving a lower
bound of 2k ln 2−O(k).

The techniques pioneered in this paper paved the way for the proof of the Satisfiability
Threshold Conjecture. A decade later, Ding, Sly, and Sun finally closed the gap for large
k, proving that rk = r∗k [6].
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2 The Upper Bound

We prove the below upper bound for r∗k using the First Moment Method.

Theorem 1 (Upper Bound). For any k ≥ 2, the unsatisfiability threshold is bounded
above by:

r∗k ≤ 2k ln 2

Proof. Let X be the random variable representing the total number of satisfying assign-
ments for a random k-CNF formula Fk(n, rn).

There are exactly 2n possible assignments. Let us fix one specific assignment, v. A
clause is only falsified if all k of its literals directly mismatch the truth values assigned
in v. Since each literal is chosen uniformly and independently, the probability that all k
literals mismatch is exactly 2−k. Therefore, the probability that v successfully satisfies a
single random clause is (1− 2−k).

Because the random formula consists of rn independent clauses, the probability that
v satisfies every single clause in the entire formula is simply (1− 2−k)rn.

By linearity of expectation:

E[X] = 2n(1− 2−k)rn

=
[
2(1− 2−k)r

]n
We can observe that for any clause density r ≥ 2k ln 2, the base of the exponent is

strictly less than 1. Consequently, E[X] = o(1). Finally, by the First Moment Method,
we have:

P[X > 0] ≤ E[X]

Because E[X] → 0, the probability of the formula having even a single satisfying assign-
ment approaches 0. The formula is unsatisfiable with high probability.

3 The Lower Bound

3.1 Shifting the Goal: Friedgut’s Sharp Threshold

Proving that a random formula is satisfiable with high probability (limn→∞ P = 1) using
the Second Moment Method is difficult. Fortunately, a foundational result by Friedgut
allows us to significantly lower our burden of proof.

Theorem 2 (Friedgut, 1999 [7]). For each k ≥ 2, there exists a sequence rk(n) such that
for every ϵ > 0:

lim
n→∞

P[Fk(n, rn) is satisfiable] =

{
1 if r = (1− ϵ)rk(n)

0 if r = (1 + ϵ)rk(n)

It is crucial to note that Friedgut proved the transition window shrinks to zero, but he
did not prove that the sequence rk(n) converges to a constant limit. However, using this
theorem we can derive a powerful corollary that redefines our mathematical objective.

Corollary 1. Fix k ≥ 2. Let r be a constant clause density. If a random formula
Fk(n, rn) is satisfiable with uniformly positive probability, then r ≤ rk.
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Proof. Let pn(x) = P[Fk(n, xn) is satisfiable]. By the hypothesis of uniformly positive
probability, there exists a constant δ > 0 such that lim infn→∞ pn(r) = δ > 0.

First, we establish that r ≤ lim infn→∞ rk(n). Assume for the sake of contradiction
that r > lim infn→∞ rk(n) = L. This implies there exists a subsequence nj such that
rk(nj) → L < r. We can choose a sufficiently small ϵ > 0 such that (1 + ϵ)L < r.
Consequently, for all sufficiently large j, we have r > (1 + ϵ)rk(nj).

Because adding clauses can never turn an unsatisfiable formula into a satisfiable one,
pn(x) is strictly monotonically decreasing with respect to density. Therefore:

pnj
(r) ≤ pnj

((1 + ϵ)rk(nj))

By Theorem 3 (Friedgut), the limit of the right-hand side as j → ∞ is 0. This forces
limj→∞ pnj

(r) = 0, which directly contradicts our premise that lim infn→∞ pn(r) = δ > 0.
Thus, r ≤ lim infn→∞ rk(n).

Second, we bridge this to our absolute threshold constant rk. Choose any constant
r′ < L. For all sufficiently large n, it must hold that r′ < (1 − ϵ)rk(n) for some small

ϵ > 0 (This is because for large enough n, rk(n) > L − (L−r′)
2

). By monotonicity and
Friedgut’s theorem:

pn(r
′) ≥ pn ((1− ϵ)rk(n))

n→∞−−−→ 1

This implies limn→∞ pn(r
′) = 1, meaning the formula is satisfiable w.h.p. at density r′.

By our formal definition of rk as the supremum of all such densities, it follows that r′ ≤ rk.
Since this holds for all r′ < lim infn→∞ rk(n), we conclude that lim infn→∞ rk(n) ≤ rk.

Combining both parts, we have r ≤ lim infn→∞ rk(n) ≤ rk.

This shifts our objective. To establish a rigorous lower bound for the satisfiability
threshold, we no longer need to guarantee that solutions exist with high probability. We
merely need to find an r such that the probability of finding a solution remains uniformly
positive.

3.2 The Vanilla Second Moment Method and its Failure

In this section we show why the standard approach fails. The standard tool for this is
the Second Moment Method:

P[X > 0] ≥ E[X]2

E[X2]

For this probability to remain uniformly positive as n→ ∞, we need the second moment
E[X2] to be at most a constant multiple of the squared first moment E[X]2. If E[X2]
grows exponentially faster than E[X]2, the fraction collapses to zero, and the method
fails.

3.2.1 Formulating the Second Moment

Let X be the number of satisfying assignments for a random k-CNF formula F with
clauses c1, . . . , cm. By writing X =

∑
σ 1σ sat F and utilizing the independence of the m

clauses, we can express this as:

E[X2] = E

(∑
σ

1σ sat F

)2
 =

∑
σ,τ

m∏
i=1

P[σ, τ sat ci]
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The probability that two specific assignments, σ and τ , jointly satisfy a random clause
ci depends on how similar they are. We define their overlap as z = αn, representing the
number of variables where σ and τ assign the identical truth value (where 0 ≤ α ≤ 1).

A clause is falsified by σ if all k literals mismatch σ. It is falsified by both if all k literals
fall perfectly into the overlap region where σ and τ agree, and explicitly mismatch that
agreement. Through inclusion-exclusion, the probability that both assignments satisfy
the clause is exactly:

P[σ, τ sat ci] = 1− 21−k + 2−kαk ≡ fS(α)

Observe that if the two assignments are completely uncorrelated (α = 1/2), this function
perfectly decouples into the squared probability of a single assignment satisfying a clause:
fS(1/2) = (1− 2−k)2.

By grouping the pairs of assignments by their fractional overlap α, we can rewrite
the sum over all pairs using a binomial coefficient. The number of pairs sharing exactly
z = αn variables is 2n

(
n
αn

)
. Thus, the second moment becomes:

E[X2] = 2n
n∑

z=0

(
n

z

)
fS(z/n)

m

From our observation about the uncorrelated case:

E[X]2 = 22n(1− 2−k)2m = 22nfS(1/2)
m

3.2.2 Asymptotic Calculus and the Variance Explosion

To evaluate this sum for large n, we apply Stirling’s approximation to the binomial coef-
ficient:

(
n
αn

)
≈ [αα(1− α)1−α]

−n × poly(n). Substituting m = rn, the sum is dominated
by its exponentially largest term. We can bound the second moment by maximizing the
exponential base:

E[X2] ≥
(
max
0≤α≤1

2

[
fS(α)

r

αα(1− α)1−α

])n

× poly(n)

Let ΛS(α) = 2
[

fS(α)
r

αα(1−α)1−α

]
. Strikingly, substituting α = 1/2 into our base function

yields exactly this value: ΛS(1/2)
n = E[X]2.

This reveals an important requirement: for the Second Moment Method to survive,
the absolute global maximum of ΛS(α) must be located at exactly α = 1/2. If the true
maximum occurs anywhere else, E[X2] will exponentially dominate E[X]2.

We test this by evaluating the derivative of ΛS(α) at α = 1/2. The denominator of
ΛS(α), which is called the entropic factor, achieves its global minimum at 1/2; therefore,
its derivative is exactly 0. However, looking at the numerator, fS(α) contains the term
αk. Because k ≥ 3, this function is strictly increasing on the interval (0, 1), meaning its
derivative at 1/2 is strictly positive.

Because the numerator is growing while the denominator is flat, the overall derivative
Λ′

S(1/2) is strictly greater than zero. The function is still climbing as it passes through
the uncorrelated center. Consequently, the true global maximum is shifted to the right
(α > 1/2), causing the variance to explode and driving our probability bound to 0.
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Figure 1: The behavior of the exponential base function ΛS(α) for the vanilla method.
The function continues to increase past α = 1/2, proving that the global maximum resides
at a higher overlap. This rightward shift guarantees an exponential divergence between
E[X2] and E[X]2.

3.2.3 Intuition Behind the Failure

The failure is caused by an underlying geometric bias known as populism.
In a random k-SAT formula, not all satisfying assignments are created equal. Some

assignments barely satisfy the formula (satisfying exactly one literal per clause), while
others are “populist,” satisfying multiple literals in almost every clause. These populist
assignments are incredibly robust; you can flip several of their variables, and the formula
will likely remain satisfied. This creates massive, highly correlated clusters of solutions
right next to each other in the solution space.

Because these populist clusters are so dense, the joint probability of highly overlapping
pairs mutually surviving the clauses becomes astronomically large. These highly corre-
lated pairs contribute a disproportionately massive weight to the total sum, overpowering
the α = 1/2 baseline (caused by the vast majority of pairs that satisfy exactly half their
variables), shifting the dominant peak to the right, and blowing up the variance.

If we can introduce a weighting scheme that actively penalizes these populist as-
signments and rewards “middle of the road” assignments, we can artificially break the
correlation, restore the peak to α = 1/2, and tame the variance.

4 The Weighted Second Moment Method

The key insight to weighted moments is that the Second Moment Method is remarkably
flexible: it holds for any non-negative random variableX, provided thatX > 0 guarantees
the formula is satisfiable.

To penalize these populist clusters, we redefine our random variable X as a weighted

8



sum over all possible assignments:

X =
∑

σ∈{T,F}n
w(σ, F )

This is valid under one condition: w(σ, F ) must equal 0 whenever σ falsifies the formula F .
For simplicity, we further require the weight function to factorize over the independent
clauses of the formula: w(σ, F ) =

∏m
i=1w(σ, ci) (we can actually get a slightly better

factor for the less dominant term if we remove this assumption).
By applying the linearity of expectation and the independence of the randomly drawn

clauses, our first and second moments cleanly decouple:

E[X] =
∑
σ

m∏
i=1

E[w(σ, ci)] = 2n (E[w(σ, c)])m

E[X2] =
∑
σ,τ

m∏
i=1

E[w(σ, ci)w(τ, ci)] =
∑
σ,τ

(E[w(σ, c)w(τ, c)])m

4.1 Vector Mapping and the Modified Base Function

To evaluate these clause-level expectations, it is convenient to map the boolean logic
to a geometric vector space. For a given assignment σ and a randomly drawn clause c
containing k literals, we define an evaluation vector v ∈ {−1,+1}k. We set vi = +1 if
the i-th literal is satisfied by σ, and vi = −1 if it is falsified.

We can now define our weights in terms of these evaluation vectors: w(σ, c) ≡ w(v).
To ensure we only count valid solutions, the all-falsified vector must carry zero weight:
w(−1, . . . ,−1) = 0.

For two assignments σ and τ sharing an overlap fraction α, let fw(α) denote their
expected weighted correlation over a random clause. To calculate this, we sum over
all possible evaluation vectors u (for σ) and v (for τ). Since the variables are drawn
uniformly, the probability of any specific pair of literal evaluations occurring depends
entirely on α:

fw(α) ≡ E[w(σ, c)w(τ, c)] =
∑
u,v

w(u)w(v) 2−k

k∏
i=1

(
α1ui=vi (1− α)1ui ̸=vi

)
Substituting this into our second moment sum and applying Stirling’s approximation

as before, our new exponential base function Λw(α) becomes:

Λw(α) = 2
(
αα(1− α)1−α

)−1
fw(α)

r

Just as in the vanilla method, the peak at complete independence perfectly matches
the squared first moment: Λw(1/2)

n = E[X]2. Therefore, our goal is to design a weight
function w(v) that forces the strict global maximum of Λw(α) to be permanently anchored
at exactly α = 1/2.

4.2 The Center of Mass Rule

A necessary condition for α = 1/2 to be the global maximum is that the first derivative
of the base function must equal zero at that point: Λ′

w(1/2) = 0.
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Let E(α) = (αα(1− α)1−α)−1 be the combinatorial entropy factor, and let Φu,v(α) be
the product term inside fw(α). Because E ′(1/2) = 0, the product rule dictates that we
must force f ′

w(1/2) = 0.
We take the derivative of fw(α) with respect to α. The derivative of the product term

yields:

f ′
w(α) =

∑
u,v

w(u)w(v)Φu,v(α) [log Φu,v(α)]
′

expanding the logarithm:

log Φu,v(α) = −k log 2 +
k∑

i=1

(1ui=vi logα + 1ui ̸=vi log(1− α))

The final expression becomes:

f ′
w(α) =

∑
u,v

w(u)w(v)Φu,v(α)
k∑

i=1

(
1ui=vi

α
− 1ui ̸=vi

1− α

)

Evaluating this at α = 1/2, Φu,v(1/2) = 2−k(1/2)k = 2−2k. Since α = 1 − α = 1/2,
the terms become 2(1ui=vi − 1ui ̸=vi). This is equivalent to 2(ui · vi). Summing over all k
dimensions yields 2(u · v).

Substituting this back into the derivative equation, we separate the sums:

22k−1f ′
w(1/2) =

∑
u,v

w(u)w(v)(u · v)

=

(∑
u

w(u)u

)
·

(∑
v

w(v)v

)

=

∥∥∥∥∥∑
v

w(v)v

∥∥∥∥∥
2

Because the square of a vector norm is zero if and only if the vector itself is the zero
vector, we obtain the absolute geometric requirement for our weights:

f ′
w(1/2) = 0 ⇐⇒

∑
v

w(v)v = 0

This elegantly dictates that the “center of mass” of the weighted satisfying assignments
must lie precisely at the origin of the k-dimensional hypercube.

4.3 Deriving the Scalar Condition

Solving a vector equation directly is cumbersome, but we can reduce it to a simple scalar
condition by exploiting the inherent symmetries of the problem. Because the literals in a
random clause are drawn uniformly, the variables are entirely interchangeable. Thus, our
weight function should be permutation-invariant; it should only depend on the number
of satisfied literals, not their specific positions.
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Let |v| denote the number of +1s (satisfied literals) in vector v. The number of −1s
is necessarily k − |v|. The scalar sum of the coordinates of v is simply:

k∑
i=1

vi = (+1)|v|+ (−1)(k − |v|) = 2|v| − k

Because w(v) depends only on |v|, the resulting center-of-mass vector
∑
w(v)v must

be completely symmetric. All k coordinates of this final vector must evaluate to the
exact same scalar value. A symmetric vector is exactly 0 if and only if the sum of its
coordinates is 0. Therefore, taking the sum of the coordinates of our vector equation
yields the necessary and sufficient scalar constraint:∑

v ̸=(−1,...,−1)

w(v)(2|v| − k) = 0

4.4 The Optimal Weighting Scheme via Lagrange Multipliers

To successfully apply the Second Moment Method, any chosen weight function must
satisfy two absolute criteria:

1. w(−1, . . . ,−1) = 0 (Falsified clauses must carry zero weight).

2.
∑

v ̸=(−1,...,−1)w(v)(2|v| − k) = 0 (Derivative condition to anchor the peak at α =

1/2).

Because the weights appear in both the numerator E[X]2 and the denominator E[X2]
with the same polynomial degree, any global scaling of the weights will mathematically
cancel out in the Paley-Zygmund ratio. Therefore, we can freely scale our weights such
that they sum to 1 (

∑
w(v) = 1), effectively treating them as a probability distribution

over the valid assignments (This is needed for the interpretation of the weights as a
probability distribution in the next paragraph).

There are infinitely many weighting schemes that satisfy these criteria. However, to
push the density threshold r as high as possible, we must ensure the First Moment E[X]
remains large. We can employ a powerful structural heuristic based on this observation:
Weighting schemes that heavily penalize or assign zeros to a large number of valid assign-
ments will unnecessarily cripple the expected value. Thus, it is highly advantageous to
select a scheme that is as “flat” or as close to the uniform vanilla distribution as possible.

In information theory, selecting the flattest distribution subject to known constraints
is achieved by maximizing the Shannon entropy, H(w) = −

∑
w(v) lnw(v).

We construct the Lagrangian L with multipliers µ and β:

L(w, µ, β) = −
∑
v

w(v) lnw(v)− µ

(∑
v

w(v)− 1

)
− β

(∑
v

w(v)(2|v| − k)

)
Taking the partial derivative with respect to a specific weight w(v) and setting it to

zero:
∂L

∂w(v)
= − lnw(v)− 1− µ− β(2|v| − k) = 0

Solving for w(v) yields:

w(v) = exp(−1− µ) · exp(−β(2|v| − k))

11



Because exp(−1− µ) and exp(βk) are constant for all vectors, we can absorb them into
a normalizing partition function, Z. We then define a new parameter λ = exp(−2β). By
grouping the terms dependent on |v|, the optimal weighting scheme distills to (Adding
the zero-weight condition for the all-falsified vector, not including the zero weight in the
Lagrangian makes no difference.):

w(v) =
1

Z
λ|v|1v ̸=(−1,...,−1)

By setting the weight proportional to λ|v|, we establish a tunable weighting scheme.
Selecting the exact value of λ < 1 that satisfies the scalar condition ensures the variance
is tamed.

4.5 Solving for the Penalty Parameter λ

With our optimal weighting scheme defined as w(v) ∝ λ|v|, we must determine the exact
value of λ that anchors the variance peak at the origin. Recall our necessary and sufficient
scalar condition: ∑

v ̸=(−1,...,−1)

w(v)(2|v| − k) = 0

We substitute our optimal weights into this sum. Because the weight of a vector
depends entirely on the number of satisfied literals, we can group the terms. Let j = |v|
be the number of +1s. For a clause of length k, there are exactly

(
k
j

)
distinct vectors

that contain exactly j satisfied literals. Since we explicitly exclude the all-falsified vector
(j = 0), we sum from j = 1 to k:

k∑
j=1

(
k

j

)
λj(2j − k) = 0

To solve for λ, we split this sum into two separate components:

2
k∑

j=1

j

(
k

j

)
λj − k

k∑
j=1

(
k

j

)
λj = 0

2kλ
k∑

j=1

(
k − 1

j − 1

)
λj−1 − k

(
(1 + λ)k − 1

)
= 0

We re-index the first sum (i = j − 1):

2kλ
k−1∑
i=0

(
k − 1

i

)
λi − k(1 + λ)k + k = 0

2kλ(1 + λ)k−1 − k(1 + λ)k + k = 0

Because k ≥ 3, we can divide the entire equation by k. We then factor out the
common terms to get:

(1 + λ)k−1(1− λ) = 1

This condition guarantees our exponential weights perfectly balance the center of mass
at the origin, successfully enabling the Second Moment Method.
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5 Main Result: Back to the Lower Bound

With our optimal weighting scheme mathematically justified, we are now equipped to
formally establish the lower bound of the satisfiability threshold.

Theorem 3 (Main Result). There exists a sequence βk → 0 such that for all k ≥ 3, the
satisfiability threshold is bounded below by:

rk ≥ 2k ln 2− 2(k + 1) ln 2− 1− βk

To prove this, we formalize our penalty weighting scheme. Let H(σ, F ) denote the
number of satisfied literal occurrences minus the number of unsatisfied literal occurrences
across the entire formula F . We define our new random variable X as the weighted sum
over all valid satisfying assignments S(F ):

X =
∑
σ

γH(σ,F )1σ∈S(F )

Remark: For a single clause, the evaluation vector v yieldsH(v) = 2|v|−k. Therefore,
our penalty base γ is simply the square root of our previously derived parameter λ
(γ =

√
λ).

5.1 The First Moment

We begin by calculating the expected weight over a single random clause, c = ℓ1∨· · ·∨ℓk.
We can split this expectation into the total unconstrained weight minus the weight of the
falsified state:

E[γH(σ,c)1σ∈S(c)] = E[γH(σ,c)]− E[γ−k1σ/∈S(c)]

Because the k literals in a clause are chosen independently and uniformly at random,
the expected weight of an unconstrained assignment factorizes completely. The proba-
bility of satisfying a literal is 1/2 (contributing γ+1) and falsifying is 1/2 (contributing
γ−1):

E[γH(σ,c)] =
k∏

i=1

E[γH(σ,ℓi)] =

(
γ + γ−1

2

)k

The only way to falsify the clause is if all k literals are strictly incorrect, which occurs
with probability 2−k. Since all literals are falsified, the penalty contributed is γ−k. Thus,
the second term evaluates to (2γ)−k. We define the expected weight over a single clause
as the function ψ(γ):

ψ(γ) ≡
(
γ + γ−1

2

)k

− (2γ)−k

By linearity of expectation, summing over all 2n possible truth assignments and mul-
tiplying across the rn independent clauses yields our First Moment:

E[X] =
∑
σ

E

[
rn∏
i=1

γH(σ,ci)1σ∈S(ci)

]
= 2n (ψ(γ))rn = (2ψ(γ)r)n

13



5.2 The Second Moment

Next, we calculate the second moment by finding the expected joint weight of two assign-
ments, σ and τ , which share a fractional overlap z = αn. To evaluate their joint survival
over a single clause, we apply the Principle of Inclusion-Exclusion to their indicator vari-
ables:

1σ,τ∈S(c) = 1− 1σ/∈S(c) − 1τ /∈S(c) + 1σ,τ /∈S(c)

We evaluate the expected joint weight over the entire random clause c for each of the
four terms generated by the Inclusion-Exclusion expansion:

1. Base Independence: The probability the assignments agree on a literal is α
(yielding γ2 or γ−2 uniformly). The probability they disagree is 1 − α (yielding
γ0 = 1). Raised to the k-th power, this term is

E[γH(σ,c)+H(τ,c)] =

(
α
γ2 + γ−2

2
+ 1− α

)k

.

2. Single Falsification: If σ falsifies the clause (probability 2−k), all its literals are
“wrong” (γ−1). τ contributes γ−1 where it agrees with σ (probability α) and γ+1

where it disagrees. Because this happens for either σ or τ , there are two such terms:

E[γH(σ,c)+H(τ,c)1σ/∈S(c)] = 2−k
(
αγ−2 + 1− α

)k
3. Joint Falsification: Both assignments can only falsify the clause if they perfectly

agree on all k “wrong” literals. This requires all k choices to fall into the α overlap
and be explicitly falsified:

E[γH(σ,c)+H(τ,c)1σ,τ /∈S(c)] = 2−k(αγ−2)k

.

Combining these terms yields the explicit expected joint weight over a single clause
strictly in terms of γ:

E[γH(σ,c)+H(τ,c)1σ,τ∈S(c)] =

(
α
γ2 + γ−2

2
+ 1− α

)k

− 21−k
(
αγ−2 + 1− α

)k
+ 2−k

(
αγ−2

)k
To simplify the resulting algebra, we introduce the substitution γ2 = 1− ε. By factoring
out a common denominator of 2k(1 − ε)k, the numerator becomes a remarkably clean
polynomial in α, which we define as f(α):

f(α) ≡ (2− 2ε+ αε2)k − 2(1− ε+ αε)k + αk

Multiplying this joint expectation over the rn independent clauses and summing over
all possible overlaps gives the complete Second Moment:

E[X2] = 2n
n∑

z=0

(
n

z

)(
f(z/n)

2k(1− ε)k

)rn

14



5.3 Analytical Bounds and Conclusion

Evaluating a sum of this magnitude requires robust asymptotic bounding. We rely on a
standard analytical tool developed by Achlioptas and Moore (2002) [2] for exact scenarios
like this.

Lemma 1. For a sum of the form Sn =
∑n

z=0

(
n
z

)
ϕ(z/n)n, we can isolate the exponential

base function g(α) = ϕ(α) [αα(1− α)1−α]
−1
. If g(α) achieves a strict global maximum

gmax at some αmax ∈ (0, 1), and g′′(αmax) < 0, then for all sufficiently large n, there exist
constants B,C > 0 such that:

Bgnmax ≤ Sn ≤ Cgnmax

.

The insight of this lemma is that the natural Θ(n1/2) Gaussian spread around the peak
perfectly cancels the polynomial decay introduced by Stirling’s approximation, leaving
only an O(1) constant factor. We apply this lemma by defining our specific base function:

gr(α) =
f(α)r

αα(1− α)1−α

Lemma 2. Let our penalty parameter ε be strictly defined by the constraint ε(2−ε)k−1 =
1. Let the clause density bound be sk = 2k ln 2 − 2(k + 1) ln 2 − 1 − 3/k. If k ≥ 22 and
r ≤ sk, then gr(α) has a strict global maximum at α = 1/2, and g′′r (1/2) < 0.

The ε constraint in Lemma 2 maps to the scalar center-of-mass condition we derived
previously for λ, ensuring a local peak is at α = 1/2. The density bound sk serves
as the ceiling that guarantees the secondary “populist” peak (which naturally forms) is
suppressed and never overtakes our forced peak at 1/2. 1

By successfully satisfying the conditions of Lemma 2, we can definitively bound the
Second Moment (using Lemma 1):

E[X2] < C ×
(

2gr(1/2)

(2(1− ε))kr

)n

To compare this against the First Moment, we directly expand E[X]2. Recall that
evaluating the joint expectation function at complete independence yields the squared
single expectation, giving us the identity ψ(γ)2 = f(1/2)

2k(1−ε)k
. Using this, we expand:

E[X]2 = [(2ψ(γ)r)n]
2

= 4n
(
ψ(γ)2

)rn
= 4n

(
f(1/2)

2k(1− ε)k

)rn

By definition, f(1/2)r = gr(1/2)/2. Substituting this:

E[X]2 =

(
2gr(1/2)

(2(1− ε))kr

)n

1Although a proof sketch of this lemma was shown in the presentation, I will omit the formal proof
from this report. The report is already quite long, and the proof does not contain any probabilistic
elements in it. These two points mentioned after the lemma are the major insights that can be taken
away from the proof.
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Substituting this equivalence into our inequality causes all n-dependent exponential
terms to vanish completely, leaving the highly desired relationship:

E[X2] < C × E[X]2

Applying the Second Moment Method, we conclude that P[X > 0] ≥ 1/C > 0.
Because we have rigorously proven that satisfying assignments exist with uniformly pos-
itive probability at any density r ≤ sk, we invoke Friedgut’s sharp threshold corollary
(Corollary 1). Uniformly positive probability implies success with high probability, estab-
lishing sk as the strict lower bound for the threshold rk, and thus concluding the proof
of Theorem 3.

6 The Truncation Method

While the simple weighting scheme that yields Theorem 3 successfully captures the dom-
inant 2k log 2 phase transition, it does not achieve the tightest possible lower bound af-
forded by the Second Moment Method. The absolute main result of the paper is formally
stated as follows:

Theorem 4. There exists a sequence δk → 0 such that for all k ≥ 3,

rk ≥ 2k log 2− (k + 1)
log 2

2
− 1− δk

Both theorems share the exact same leading exponential term (2k log 2). However,
Theorem 3 subtracts a linear correction term of 2(k + 1) log 2, whereas Theorem 4 sub-
tracts only (k + 1) log 2

2
. The simple weighting scheme gives away exactly a factor of 4 in

this Θ(k) second-order term.
This factor of 4 is lost due to our strict insistence that the weight function w(σ, F )

must factorize over the independent clauses. To reclaim this lost factor, the authors
introduce a refinement known as truncation.

A close examination of the variance explosion reveals that the dominant contributions
to the weighted Second Moment from highly overlapping pairs actually come from pairs
that have fewer than half of their literals satisfied (This because our weighting scheme
gave these pairs very large weights). To remove these highly correlated, problematic pairs,
the authors define the restricted set of satisfying assignments S+ = {σ ∈ S : H(σ, F ) ≥
0}, meaning they only consider assignments that satisfy at least as many literals as they
falsify.

The new truncated random variable becomes:

X+ =
∑
σ∈S+

γH(σ,F )

By truncating the space, the proof architecture shifts in two key ways:

1. The First Moment: Using a ”change of measure” technique and the Central
Limit Theorem, the authors prove that restricting the sum to S+ merely halves the
expected value: E[X+]/E[X] → 1/2 as n→ ∞. The First Moment remains robust
(we don’t lose too much from removing the problematic pairs).
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2. The Second Moment: Because they strictly enforce H(σ) ≥ 0 and H(τ) ≥ 0, the
sum H(σ) +H(τ) is guaranteed to be non-negative. Since the exponent is always
non-negative, if they pick any parameter θ ≥ γ, then γH(σ)+H(τ) ≤ θH(σ)+H(τ).
Writing these parameters in terms of ϵ (where γ2 = 1 − ϵ0 and θ2 = 1 − ϵ), this
means that for the second moment bound, they no longer have to use a single, fixed
ϵ0 for all overlaps α. Instead, they can take the infimum (minimum) over any ϵ ≤ ϵ0
for each specific overlap α.

These two points combined give a slightly better Bound than Theorem 3.

7 Model Robustness

Throughout this analysis, for the sake of probabilistic independence, we defined our
random formula Fk(n,m) by drawing clauses with replacement.

Strictly speaking, this allows for the generation of “improper” clauses—clauses con-
taining duplicate literals (e.g., x1 ∨ x1) or contrary literals (e.g., x1 ∨¬x1). It also allows
for duplicate identical clauses within the formula. However, we can easily demonstrate
that as n → ∞, these structural anomalies become statistically irrelevant, proving our
threshold results hold perfectly for the standard, strict random k-SAT model.

7.1 Improper Clauses

When drawing k independent literals for a single clause, the clause becomes improper if
and only if at least two literals share the same underlying variable. There are exactly

(
k
2

)
possible pairs of literals within the clause. For any given pair, the probability that the
second literal’s variable matches the first is exactly 1/n. Applying the union bound, the
probability that a single random clause is improper is bounded by:

P[clause is improper] ≤
(
k

2

)
1

n
<
k2

n

For a formula with m = rn clauses, by linearity of expectation, the expected total
number of improper clauses is at most rn × (k2/n) = rk2. Because r and k are fixed
constants, the expected number of improper clauses is purely a constant (O(1)), entirely
independent of n. By Markov’s inequality, the actual number of improper clauses in the
formula is o(n) w.h.p.

If we generate a formula Fk(n, rn) and simply discard the o(n) improper clauses, we are
left with a sub-formula containingm′ = rn−o(n) proper clauses. Because these remaining
clauses are uniformly distributed among all proper clauses, they perfectly simulate the
proper-clause generation model. Furthermore, discarding clauses removes constraints,
which can never turn a satisfiable formula into an unsatisfiable one. Therefore, if our
independent-literal model is satisfiable w.h.p. at density r, the proper model at density
r−o(1) is also satisfiable w.h.p. Because an o(1) shift in density vanishes in the asymptotic
limit, the density threshold remains completely unchanged.

7.2 Clause Replacement

A similar equivalence holds regarding whether the m clauses are drawn with or without
replacement. The total number of unique, proper k-clauses available to choose from is
2k
(
n
k

)
= Θ(nk).
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By the Birthday Paradox, when we draw m = rn = Θ(n) clauses uniformly with
replacement, the expected number of duplicate clauses is proportional to the square of
the draws divided by the total pool size:

E[duplicate clauses] ≈ m2

Θ(nk)
=

Θ(n2)

Θ(nk)
= Θ(n2−k)

Because our threshold analysis specifically applies to k ≥ 3, the exponent (2 − k)
is strictly negative. As n → ∞, the expected number of duplicate clauses converges
strictly to 0. Therefore, w.h.p., a formula drawn with replacement contains absolutely no
duplicate clauses to begin with, making it functionally indistinguishable from a formula
drawn strictly without replacement.

8 Conclusion

The quest to pinpoint the satisfiability threshold of random k-SAT is an important chal-
lenge in theoretical computer science, probability theory, and statistical physics. While
simple expected-value calculations easily establish an upper bound of 2k ln 2, proving that
solutions actually exist up to this limit is non-trivial.

By introducing an elegant, exponential weighting scheme, Achlioptas and Peres suc-
cessfully tamed the variance explosion that doomed the vanilla Second Moment Method.
Their breakthrough established a lower bound of 2k ln 2 − O(k), definitively capturing
the true asymptotic scaling of the phase transition. By bridging the mathematical gap,
this paper laid the foundational framework for the ultimate resolution of the Satisfiability
Threshold Conjecture a decade later.
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